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Structure is developed on the set of real-valued stochastic processes in terms of 
the authors recently defined statistical measures making explicit an L,“(Q r)- 
calculus over the structure. This proves that the stochastic-differential equation 
L$ =x, where x is a stochastic process and Y is an nth order linear-stochastic 
differential operator with up to n - 1 stochastic-process coefficients, is solved by 
Adomian’s series, and finally, establishes the existence and uniqueness of the 
statistical measures of the solution process. 
I. INTRODUCTION 
The modeling of linear-dynamical systems involving stochastic parameters 
in the system involves stochastic-differential equations-in general, of the 
form 9~ = x, where x is a stochastic process, defined on a probability space, 
with possibly random-initial conditions, and with 9 a stochastic operator 
[ 1,2]. In this paper we shall suppose the operator to have the form 
9 = C;=o a&, w) d”/dt”, where one or more of the a,,(& w) for 
v = 0, l,..., n - 1, may be stochastic processes also defined on (either the 
same or different) probability spaces and statistically independent of x(t, 0). 
The latter assumption is usually true and very different from the unjustifiable 
statistical-independence assumptions of hierarchy methods. The ultimate goal 
in such problems would be the complete statistical description of the solution 
process y in the form of nth order probability distributions for increasing n 
from similar knowledge of the processes in 9 and x. Generally, lesser 
knowledge is sufficient and we seek the statistical measures [l-4] in the 
form of expectation and correlation functionals of the solution process in 
terms of statistical measures of the forcing function (system-input process) 
and the system parameters involved in 9. The general literature on 
statistical measures and the relevant theory for both real-valued and abstract 
space-valued stochastic processes and stochastic systems is quite different 
from that which we present here continuing the long development of the 
methodology of the first author. 
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II. ABSTRACT STRUCTURE 
We suppose the stochastic operator 9 admits the decomposition 
9 = L + 9, where L is an invertible deterministic-differential operator and 
9 is the remaining random part 9 -L. Thus, with 9 defined as above, we 
can take L = X:=0 (a,(& CO)) d”/dt” and 5%’ = Crzo a,(& w) d”/dt” for 
m < n - 1. The a, are zero-mean stochastic processes representing the fluc- 
tuation in each coefficient, a, E C” and x(t, w) E Co. Adomian’s solution has 
been given previously in the form 
y(t,w)= f (-l)“(L-‘.R)“L-‘x=Zx, (1) 
n=O 
where L -‘x can be written in terms of Green’s function, i.e., as the integral 
J”f, f(t, r) x(t, w) dr and the statistical measures (s.m.) can either be obtained 
from (1) or from a stochastic Green’s function which yields desired s.m. in 
terms of given s.m. 
It is not difficult to see that the integral operator d%” in (1) is an almost 
surely (a.s.) bounded- (linear-) stochastic operator from an abstract set x into 
itself mapping x to y such that 9~ =x a.s. The a.s. boundedness of 2’ 
follows from the facts that: 
(i) F’(t, w) 3 sk l(t, 7) x(7, o) dt is bounded a.s., 
(ii) a,(& w> = q(t, w> - (a,,@, 0)) are bounded a.s. for all v and 
t = {t,, t, ,..., t,} E T. 
The (a,) are continuous on T x TX ..a X T. The derivatives of a,, are 
bounded a.s. to appropriate orders, and I(t, 7), Green’s function for 
L = Ctzo (a,) d”/dt”, as well as its kth derivatives for 0 <k Q n - 1 are 
jointly continuous in t, r over T x T X . . . X T. (We note from our previous 
work [4] involving new definitions of averaged quantities such as expectation 
and correlation, that the (a,) in L is now a multi-dimensional quantity 
m(t,, t2,..., t,) rather than simply m(t), and L -’ in this case is discussed in 
the section on statistical measures of linear-stochastic differential operators 
in [4].) 
The abstract set x consists of the set of all (real) stochastic processes on 
the set T. We shall suppose xi is a subset of x consisting of all (real) 
stochastic processes x(t, w) with o E (Q, B, ,u), a probability space. From (i) 
and (ii) it follows that 2’~ x1 +x, with Xx(& w) = y(t, w) a.s. 
Now let us inquire into the structures underlying the spaces generated by 
the elements of x,. The structure depends on the statistical measure [l-4] 
chosen or sought for the solution process as we shall show. 
Let X denote the set of all real-valued stochastic processes x(& w) on T 
with UJ E Q on the same probability space (a, B, ,u). The expectation of order 
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n for the stochastic process x(t, CO) is given as the multi-dimensional 
Lebesgue integral over R x I2 x ... X fl for each sequence {t, , tz ,.... 1,, [ E 7 
if this integral exists 141, i.e., 
(x(x, 3x 2’“” xn>> = _(*** [‘x(x, >x2 ,..., x&(x,, x2 )...) XJ dx, .. . fix,,. 
We shall denote by L:(X) the set of all equivalence classes or real-valued 
stochastic processes x(t, w) with the above expectation of order n existing. 
Hence, x(t, CO) E L:(X) if (x(x,, x2 ,..., x,)) is finite. The mapping x(t, CO) --t 
(x(x,, x2 ,..*, xn)) is a linear functional over the real-valued Banach space 
L :m 
Next, the expectation of order n of the functions x”(x, , x2,..., x,) and 
I 4x1 9 x2 >.**, x,)lk for k = 1, 2, 3 ,..., are called the kth moment and the kth- 
absolute moment of order n, respectively, for all (t, , t2,..., t ,} E T. 
Denote by L,“(X), 1 < p < co, the set of all equivalence classes of real- 
valued stochastic processes x(t, CO) E X such that (1x(x,, x2,..., x,)]~) is finite 
for all sequences {t, , t 2,..., f,,) E T and by L,(X) the set of all bounded real- 
valued processes x(t, w) E X for which all moments exist. 
Thus, the set of all real-valued processes with pth moments existing for 
1 < p < co are seen to generate a linear-vector space denoted by V,(T), 
where T or R r is the interval over which the processes are defined, by 
observing that: 
(9 (IxMtA x(~2L xkt)) x(x(r,), 4~2L X(~n)>l”) 
< (IX(X(f, >..., X(t,))lP)(X(X(~I)...., X(~n))l”> 
(ii) ((4x, ,..., xJ”)) > cp(x(x, ,..., x,Y>, 
where the two processes are equivalent if &CO: x(x(t,),..., x(t,)) # 
x(x(r&..., x(r,)>) = 0. 
Remark. If we take the expectation of order one and the pth moment for 
p = 2, the results reduce to the classical results in the literature well 
described by Soong [5]. 
Now one is able to define a structure on V,(r). Thus, the correlation 
functional of order n which we called a statistical measure is given by 
RX4 1 T...) 4J = (x(x(r,>,..., x(t,>) x(x(z.,),..., x(r,))) 
= (x(x(t,>,..., X(L)). Mz.,L x(r,))) 
in terms of an inner product. 
The norm is immediately defined as 
II-G, t..., &Jll = (x(x, ,.*., XJ’ x(x, >.--, x”))‘!* 
for all {t ,,..., tn} E T. 
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A metric is defined in terms of the norm by 
Pw+,),..., Xk)>? x(x(7,),..., x(7,))) 
= Ilx(x(t,),..., x(Q) - X(X(~~L x(7,))ll. 
Hence, the linear space V,(T) spanned by real-valued processes, with second 
moments of order n, with inner product, norm, and distance functional as 
defined above, constitute a Hilbert space which we denote Ly(l2, T). 
Thus, the statistical measures ought exclusively determine the underlying 
space structure for the set X of all real-valued stochastic processes as stated 
earlier. 
Since finite-dimensional distributions are used to compute statistical 
measures for the elements of V,(T), the calculus and the norms utilized are 
those of L,” spaces. 
III. EXISTENCE AND UNIQUENESS OF STATISTICAL MEASURES 
To show the existence and uniqueness of the statistical measures (mean 
and correlation of order n) of the solution process for stochastic systems 
described by differential equations, one needs to understand the Lz-calculus 
involved. For expository purposes we shall first consider the class of all 
linear-deterministic systems with random input (forcing function) x as a 
simple case to see the computational features of the L,“-calculus. Thus, 
assume Ly = x(t, CO), where L is now a deterministic- as well as linear- 
differential operator and x(t, o) is a stochastic process characterized by the 
n-joint probability distribution /z(x,, x2 ,..., x,; t,, t, ,..., t,). In the process of 
computation of statistical measures of the solution process y(t, w), we see 
that they are exclusively expressed in terms of given-statistical measures of 
the system characteristics (as shown by the first author for the general or 
stochastic case in terms of a stochastic Green’s function [ 1 I), i.e., the 
statistical measures of x(t, co) and Green’s function for the deterministic 
operator in the L;(Q T)-calculus setting. Since the expression 
y=L-‘x=J-;I( 1, t x r ) ()d r is a formal expression for the solution process, 
the statistical measures will make the nature of the integral operator and, 
consequently, the L,“-calculus explicit. Specifically, let us consider the mean 
and correlation to different orders of the solution process y(t, 7): 
(1) The expectation of order one of y is 
m,(t,) = (Y(Y& = [ h 7)(x(4) d7 
= ! 1 R2 W,. 71)x(x,)&13 7,) dx, & 
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where an analytic expression for #(x1, r,) is given by the one-dimensional 
Chebyshev-Hermite expansion (discussed elsewhere [4]) and x(x,) is the 
value of the process x(j, r) for I = (t, ) E T. 
(2) The expectation of order two is mJt,, t2) is given by 
(_ -*a (‘I(t,,~,)1(t*,5*)x(x,rx2)~(x,,x2;5,r5?)dxIdx*d~,drZr “R4 . 
where the analytic expression for /(x,, x2; r,, r2) is the two-dimensional 
Chebyshev-Hermite expansion and x(x1, x2) is the value of the process 
x(t, CO) for t = (tl, t2) E T. 
(3) The expectation of order n is given by 
my@, ***, t,) 
= lR*“-* (‘b r,> .‘. Q,, T,)X(XI ,..., x,)/(x I,..‘, xn;r ,‘...‘5,) 
x dx, .-. dx, dr, . . . dt,, 
where the analytic expression for the distribution #(x, ,..., x, ; r, ,..., rn) is the 
n-dimensional Chebshev-Hermite expansion [4 ] and x(x, ,..., xn) is the value 
of the process x(t, OJ) for the sequence t = {t, ,..., t,} E T. The existence of 
integrals for the form l l(t, r)[ ] dz, , 
I’ *.. )‘E(t,, 5,) ... I(&, r,Jl ] ds, dr, ,..., dt, . i 
can be assumed from the existence of the inverse L-’ of the deterministic 
operator L and the convergence of the Chebyshev-Hermite expansions of the 
probability-density functions &x1, t,),p(x,,x2;t,, 5) ,..., /4x1 ,..., x,; 
r, ,..., r,), hence, the existence of (y) = L -l(x) is established. 
(4) The correlation of order one of y(t, w) is 
&it,, t;) = 1.1’ f(tl, zl) I(t; , z;)(x(xJ x*(x:)) dr dr’ . . 
x 742(x, 3 x; ; 51, r;) d7, dr; dx, dx;, 
where the analytic expression for b2(x,, xi ; r1 , ti) is given in 141, 
LINEAR-STOCHASTIC DIFFERENTIAL EQUATIONS 191 
(5) The correlation of order two of y(t, w) is 
x x(x~ 2 x2) x*(x;, x;) f&(x,, x2, x; , x; ; 71, 72, 5; , 7;) 
x dzdr’ dx dx’ 
with dt = dT, dz,, dx = dx, dx,, df = dr; dt;, and dx’ = dx; dx; with the 
analytic expression for /z2(xI, x2 ; xi, x; ; 5,) r2, r; , 7;) from [4]. 
(6) The correlation of order n of y(t, o) is 
R(t t t t' t' t') y 17 2,“‘, 0, 1, 2,“‘, n 
x qt;, 79 -0. I($, 5;) x(x, )...) X”) x*(x; )...) x;> 
x 742(X,, x2,..., x,, x; , x; ,..., x; ; r1 ,..., r,, r; ,..., r;) dx dx’ ds dt’ 
with dx = dx(r,) dx(r,) . . . dx(r,), dx’ = dx(ri) dx(r;) ..a dx(rA), dr = 
dr , ds, . . ’ dr, , and dr’ = dr; d; ... ds;. The analytic expression for 
P2(x,,...,xn,x~,...,x~; r,,..., r,, 71,..., n r’) is given in [4]. The existence of the 
integrals in (4) and the convergence of the analytic expansions of the 
probability density functions establishes the existence of the correlation. 
Next, consider the linear-stochastic differential equation 2Py = x(t, w), 
where {x(t, w), t E T, o E (Q, B, p), a probability space} and 9 is a linear- 
stochastic operator [l-3] by virtue of stochastic coeffkients in the 
differential operator. Defining .P as before, the solution from the equivalent 
stochastic-Volterra equation y = L - ‘x - L - ‘Sy is given [ 3 ] in terms of the 
inverse operator P-l = JJ,“=o (-l)“(L-‘9)“L-‘, where the series 
converges uniformly for IIL-‘.SPjl < 1 and satisfies the equation Fy = x 
when the norm is in the Li sense. 
Hence, we can assume lim,,, 4, = y with 4, = Cyz,r (-l)‘(L-‘S%‘)‘L-‘x 
representing n terms of the Adomian-solution series. Observing that 
5P~,=(L+.9)~,=(L+9)(L-‘x)=x+.RL-’x 
Pq+ = (L + 9)[L - lx- (L-%?)(L-lx)] =x-S?L-‘9L-‘x 
9$,=(L+9)~,=x+(-l)“-‘.9(L-‘~)“-‘L-’x 
lim .P#, = $l [x + (-l)n-l~(L-l~)“-lL-lX]. n-co 
4OYfl79/1-13 
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The left-side is lim,,, 94, = 4” lim,,, 4, = YJ. The right side is 
lim [x + (-l)‘~‘~~(L-l~W)n-‘L-‘x] =x + lim .kF(L-‘.R)“- ‘L Ix =x. 
n-103 n-cc 
Hence, PJ = x. 
Next we show that 9-l = JJ (-I)‘(L-‘S’)‘L-’ is actually the forward 
inverse of the stochastic operator Y’, i.e., ip-‘P = I. 
sL-‘LY = 2 (-l)i(L-‘Jq’L-* (L + ,a) 
[ i=o 1 
= (ZO (-l)‘(L - %)‘I, -IL. + c (-I)‘& - %?)‘L - ‘.R 
i-0 
= 2 (-q'(L-'.g)'I+ T (-l)'(L-',q'+' 
i=O i-0 
and since the two series on the right differ from each other by the first term 
which is I 
It is not diffkult to see that each term of Adomian’s series is in L,“(lJ, r) for 
a desired statistical measure of the solution process computed by the use of 
qi,=J2-‘x=~f:; (-l)‘(L-‘.w)‘L-‘x. 
Thus we have a rigorous proof of existence and uniqueness of the 
statistical measures of the solution process for linear-stochastic differential 
systems by first computing the inverse-stochastic operator .Y- ‘, proving it is 
actually the inverse of 9 and that the solution process computed using the 
inverse does satisfy the linear-stochastic system. 
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